We set up a semiclassical approximation which helps us clarify by means of several simple examples the rich variety of time scale in the quantum domain. The underlying structure of quantum and classical mechanics is so completly different that it is naive to expect to reach a classical regime by counting powers of the quantum scale ប. We show although it is possible to define a time scale for nonclassical phenomena, but it is impossible to characterize quantum dynamics through a unique time scale, such as Ehrenfest's time. We use simple systems to critically discuss and illustrate these features of the quantum-classical limit.
I. INTRODUCTION
The dynamical behavior of point particles as described by Newtonian mechanics is considerably altered when relativistic effects are included. The same is valid when one goes over to a nonrelativistic quantum description. In the first case ͑special relativity͒ there exists an obvious parameter, light velocity, which, when compared to the velocities of the problem in question, naturally shows the way to recover Newtonian dynamics, namely an expansion power of v/c. In the second case ͑ nonrelativistic quantum mechanics͒ the situation is far more complicated. Although, since the early days of Quantum Mechanics it became clear that quantum phenomena bear the imprint of ប, there is a new ingredient that is not present in the first case: the underlying quantum kinematics is essentially different from that of Newtonian mechanics whereas in special relativity this is not the case. Quantum and classical mechanics are two essentially different theories both from the point of view of their underlying kinematical construction and their dynamics. If quantum mechanics should, as many of us expect, possess a universal character, it should be possible to derive classical mechanics from the corresponding quantum system. Many attempts in this direction have been put forward. One set of papers that deal with this question are ͓1-3͔. In these references the authors assume the classical state to be a classical probability distribution by comparing with the corresponding quantum evolution. They show that Ehrenfest's theorem is neither necessary nor sufficient to characterize the classical regime in quantum theory. Therefore Ehrenfest's theorem does not define the conditions for classical behavior. The time during which the first moments of the two distributions coincide is usually called Liouville time. The purpose of the present work is somewhat complementary to the papers discussed above. We consider the case of a Newtonian particle whose state is given by a point in phase space. We show that the quantum regime of these point particles present several nonclassical phenomena, characterized by different time scales. We derive and critically discuss all these time scales. It is worthwhile mentioning here that the spreading of wave packets can be naturally accommodated in a classical context if one is talking about classical probabilities as representative of the state of the particles. A precise discussion of this point can be found in Ref. ͓1͔. In the present contribution we confine ourselves to a comparison between Newtonian particles and their quantum counterpart when this exists.
In order to obtain time scales for the evolution of different observables and compare with their classical limit wherever this can be defined, we construct a self-consistent expansion for the wave function of the system around a time dependent coherent state ͑or product of coherent states͒, whose dynamics is completely given by the underlying classical equations of motion. In this way all next-to-leading order terms in the expansion are essentially of quantum character. For example, the next-to-leading order already introduces an essentially quantum ingredient, i.e., a linear superposition of quantum states. Naturally, such correction will affect the time evolution of observables to a lesser or greater extent, depending on how sensitive the particular observable ͑and initial condition͒ is to this correction. This paper is organized as follows: in Sec. II we present the method, which is a generalization of Ref. ͓4͔ in order to include one degree of freedom systems. As an illustration of the method, quantum and classical time scales are presented for the one-dimensional quartic oscillator. Section III contains a detailed analysis of the dynamics of the twodimensional quartic oscillators, where typical entanglement time scales are also obtained and compared with the Ehrenfest time related to the time evolution of positions and momenta. We show that both depend on ប, they are quite different. Within the validity of the approximation we show that Ehrenfest's time is usually longer than entanglement time. The reason for this becomes apparent in our approximation scheme, where it is easy to see that the first nonvanishing correction to the Wigner function brings in entanglement, and measures of coherence content usually are more sensitive to this aspect than mean values of one-body observables.
II. THE APPROXIMATION SCHEME AND THE ONE-DIMENSIONAL QUARTIC OSCILLATOR
Shortly after the birth of lchanics, Schrödinger, proposed the idea of a coherent state ͓5͔. His motivation was the construction of wave packets whose centers follow the motion of a classical point particle, while retaining their shapes, we follow his idea closely. More recently another important development which concerns coherent states was the recognition that coherent states are intimately connected to the dynamical group of the physical problem. For example, when one includes only creation, annihilation, identity, and number conserving operator as generators, the system possesses the Heisenberg-Weyl H(4) dynamical group. There is then a natural correspondence with known geometrical properties ͓6͔. The physical interpretation of the parameter space structure for the system, and the equations of motion of the coherent state parameters precisely correspond to the classical ones. For the above discussed reason we construct a semiclassical expansion of the dynamical equation of a quantum system, where the zeroth-order approximation is the description with the minimum of the quantum ingredients and all classical ones. Typical quantum effects as spreading of wave packets and superpositions are all contained only in higher orders. We set up the approximation schemes for one degree of freedom systems ͑closed or not͒. The generalization is straightforward.
Let us consider a classical one degree of freedom Hamiltonian of the form
where p stands for the particle momentum and q for its position. We perform the following change of variables:
where ϭͱk/m and kϭ‫ץ‬ 2 V(q)/‫ץ‬q 2 ͉ qϭ0 . The Hamiltonian can then be rewritten as
with U(␣*␣)ϭV(q)Ϫ͓k(␣ϩ␣*)/ͱ2m/ប͔ 2 . It is now possible to write H cls in the form of a Taylor expansion such
where A 1,1 ϭ0.
The classical equations of motions read
͑5͒
One possible quantum realization of H cls is given by
Note that ͗␣͉Ĥ q ͉␣͘ϭH cls , if ͉␣͘ is a coherent field state.
We will construct an expansion around a quantum operator H sc "␣(t)… which possess the following features ͑a͒ ͗␣͉H sc (␣(t))͉␣͘ϭH cls ; ͑b͒ iប‫ץ/ץ‬t͉␣͘ϭĤ sc (␣(t))͉␣͘; ͑c͒
All expectation values of point classical observables will be precisely reproduced by Ĥ sc (␣(t)) ͑including variances͒. The construction of the semiclassical Hamiltonian is such that it is completely determined by the classical equations of motion ␣ cl (t) and its operator form is the following
We show next how to construct such an operator. We start by showing that if ͉␣(t)͘ is a time dependent solution of Eq.
it is necessary to verify that
Next we further demand that Eqs. ͑7͒ and ͑8͒ correspond precisely to Eqs. ͑4͒ and ͑5͒, thus guaranteeing that the semiclassical operator will be completely and solely ͑apart from a phase͒ given by the classical equations of motions. Thus we require
From the above equations we see that there exist several Ĥ sc satisfying these conditions. In order to have uniqueness, we demand further that the operators â † â , â † , and â obey an equation which is similar in structure to the classical one:
The semiclassical Hamiltonian that satisfies this condition is
Note now that ͗␣͉Ĥ sc ͉␣͘ H cls , but this problem is simple to solve. We only have to add constant terms, which contributes an overall phase for the time evolved state ͉␣(t)͘. Finally, we write
The full quantum time evolution can be formally written ass
where Û sc (t)ϭexp
Ϫi/ប͐ 0 t Ĥ sc (tЈ)dtЈ and ⌬ s ϭÛ sc † ͑ t ͒␦Û sc ͑ t ͒ and ␦"␣͑t͒…ϭĤ q ϪĤ sc "␣͑t ͒….
͑13͒
A similar expansion for the Heisenberg operator can be written as
In the interaction picture representation
͑14͒
We thus have
and hence
Iterating Eq. ͑16͒, we get
where
This expansion is not restricted to particle systems, but can be used for spin systems or any system for which a corresponding coherent representation exists. A generalization of this scheme to nonautonomous systems is straightforward. An eventually classically chaotic dynamics is contained in the zeroth order approximation of this expansion. It is specially well suited for assessing the characteristic times for the manifestation of quantum effects in any observable.
A. An example: The quartic oscillator
Let us consider the following classical Hamiltonian:
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This system has been considered by several authors in the context of classical limit of observables ͓7-11͔, and in spite of its simplicity it has been used to explain some experimental results, see Ref. ͓12͔ . In what follows we present a critical review of these calculations, including also the time evolution of the corresponding state.
Using the previous prescriptions, we can also write the H cls as H cls ϭប␣*␣ϩប 2 ͑ ␣*͒ 2 ␣ 2 . ͑19͒
The classical solution
The equations of motion of the model read
and the solution is then ␣͑t͒ϭ␣͑0͒exp͕͓ϪiϪi2ប͉␣͑0͉͒ 2 ͔t͖. ͑20͒
The exact quantum solution
According to the definition of Ĥ q , we have
Using a coherent state as an initial condition we wish to evaluate ͉⌿͑t ͒͘ϭe ϪiĤ q t/ប ͉␣͑0 ͒͘.
In order to compare with the classical time evolution, we evaluate ͗â ͘(t), given by ͗â ͑͘t͒ϭ͗␣͑0͉͒â ͑ t ͉͒␣͑ 0 ͒͘.
As can be easily checked, the full quantum solution is ͗â ͑͘t͒ϭ␣͑0͒e
Ϫit e Ϫ͉␣(0)͉ 2 [1Ϫexp(Ϫ2itប)] . ͑22͒
The semiclassical solution
In order to get a feel of for the approximation we developed we next use it to obtain a semiclassical approximation for ͗â ͘(t). For this propose we write
where A 1 ϭប, A 2 ϭប 2 . According to the prescriptions of this section beginning we get
According to its definition, Eq. ͑13͒, we have
Since ͓␦,Ĥ sc ͔ϭ0⇒␦ϭ⌬ H , then
The first terms of the semiclassical approximation for the expectation value of ͗â ͘(t) are
It is easy to see that the summation to all orders will yield the exact result. The zeroth order contribution corresponds to the classical evolution. The next-to-leading order allows us to determine the Ehrenfest time
A few comments on the above expression are in order. ͑a͒ The obtained expression for Ehrenfest's time explicitly depends on some kinematical ingredients e.g., the width of the initial wave packet, which, of course, depends on ប. This ប dependence is therefore of no fundamental significance.
͑b͒ The physical agent that produces the observed deviation from the classical point particle behavior is the nonlinearity reflected in the constant , which will tend to distort the initial wave packet. This very same effect, however, is also present in a classical probabilistic description. Therefore in this sense it is at least ambiguous to call Ehrenfest's time a quantum time scale in the present context. This has been numerically verified ͓13͔ and an analytical expression for expectation values with the classical statistical wave packet is presently under investigation.
At this point and for this particular observable it is meaningful to define a classical limit in a rigorous way. The amplitude of the coherent state ͉␣(0)͉ 2 is directly related to the ratio of the classical action and ប. This ratio may be used to define a classical limit. Note then that upon substitution of ប͉␣(0)͉ 2 ϭS cl , were S cl is the classical action of the system, one gets the usually obtained Ehrenfest time were ប appears and was interpreted in Refs. ͓7,8͔ as a quantum correction.
Note however that the result just obtained originated from a perturbative expansion ͑in the nonlinearity governed by the parameter ). The expansion parameter to be considered is ប͉␣͉ 2 Ӷ1 ͓see Eq. ͑22͔͒. Within this limit, the above conclusions hold, as expected.
However, the same expansion while leading to the above result for the expectation value of an operator, shows different time scales for the Wigner function. In particular we show below that the characteristic time of the appearance of quantum effects has a completely different dependence of ប.
B. Wigner differential equation for the one-dimensional model
For the quartic one-dimensional oscillator we have the following exact equation for the density:
where ϭϪប. Then the corresponding Wigner function obeys the following differential equation
For the semiclassical expansion of the Wigner function ͑zeroth order term͒ we find
where ϭϩ2ប͉␣(t)͉ 2 ϭϩ2ប͉␣ 0 ͉ 2 . Now we proceed to derive the corrections to the Wigner function according to our approximation scheme. The semiclassical expansion for the density operator is given by
were we have defined
C. First correction to the Wigner function for the quartic model
From Eq. ͑25͒ we can write the density operator as
Then we have
The first correction is due to the first term of the expansion, that is
where ⌬ϭâ † â ϩ2(â † ) 2 â 2 and (0)ϭ͉␣ 0 ͗͘␣ 0 ͉. Then after some algebra we find
where ␣(t) is given by Eq. ͑20͒. The first Wigner term is then
͑31͒
The Wigner function of coherent state ͉␣͘ is
Then for the first order in time, we may approximate ␣(t) as
where ϭϩ2ប͉␣(0)͉ 2 . Then the semiclassical Wigner is ͓14͔
͑34͒
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as shows the discussion below. In particular the first nonzero correction is of first order while that for the expectation values is of second order. 
͑37͒
To satisfy this, we may have
Therefore, negative regions will develop for short times in phase space regions which satisfy the above condition, i.e., mainly away from the center of the Gaussian.
The characteristic time for these quantum developments is rather intricate and it is therefore hard to characterize it only in terms of ប. In Figs. 1 and 2 we show the zeroth-and first-order Wigner functions for the parameters indicated in the figure. Note that Tr(a 1 )ϭ0 showing thus unambiguously that the characteristic time of the expectation value is rather different than that of the state.
III. TWO COUPLED QUARTIC OSCILLATOR
In this section we discuss the time scale of another typical quantum process, entanglement and its relation to ប. For our purposes it suffices to consider a simple two-dimensional model, which is exactly soluble:
By making analogous substitution as in the preceding section we rewrite the classical Hamiltonian as
The classical solution is given by 
where ␣ t ϭ␣ t e Ϫ and ␤ t ϭ␤ t e Ϫit . By making the product ͉⌿(t)͗͘⌿(t)͉, we find the following density operator: Fig. 3 we show the exact result for Tr( ␣ 2 ) and compare with the short time behavior. If we look at the density expansion for short time, we immediately see that the first correction term brings a superposition of states and entanglement, i.e., the first term in the expansion makes use of the quantum kinematics.
IV. CLOSING REMARKS
In the present paper we set up a semiclassical approximation which helped us clarify, by means of several simple examples, the rich variety of time scales in the quantum domain. This is one of the reasons why constructing a bridge between classical and quantum mechanics is so difficult. The whole structure of both theories is completely different and several nonclassical phenomena should be attributed to the linear structure of the Hilbert space, a feature which is absent in the classical context. Application of this present development in chaotic situations is in order.
